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IMPROVED PERMEABILITY PREDICTION FOR HETEROGENEOUS POROUS MEDIA
BY BUNDLE-OF-LEAKY-TUBES WITH CROSS-FLOW MODEL
Faruk Civan
Mewbourne School of Petroleum and Geological Engineering, The University of Oklahoma,
100 East Boyd, SEC Room 1210, Norman, Oklahoma 73019-1003, U.S.A.

ABSTRACT
An inherently limiting assumption of the KozenyCarman equation of permeability is not allowing
interaction across the parallel flow through a bundle of
tubes model. While this condition can be observed for
flow through sufficiently high porosity homogeneous
porous media, the Kozeny-Carman equation cannot
represent the permeability of low porosity heterogeneous
porous media. This paper presents a modeling of flow
through a leaky-flow tube allowing interactions with
flow occurring in other flow tubes in a bundle of tubes
model of porous media. Then, the effect of such
interactions is taken into account by incorporating the
pore connectivity by means of the coordination number.
The deviations of the real porous structure from the
assumption of a bundle of tubes of uniform size are taken
into account by the fractal representations. This leads to
the modification of the Kozeny-Carman equation to a
power-law equation of permeability whose parameters
vary by well-described relationships.

INTRODUCTION
The frequently used Kozeny-Carman [2,15] equation is
based on the visualization of porous media flow as a
bundle of tubes through which flow occurs without
having any interactions between the various tubes. Thus,
an inherently limiting assumption of this model is the
treatment of the tubes as having impermeable
boundaries. Another simplifying assumption is the
consideration of an average tube diameter and perfectly
cylindrical tubes of uniform diameters. The effect of the
tube diameter and length distributions is overlooked.
Consequently, the Kozeny-Carman equation cannot
describe the permeability of porous media when the
preferential flow paths having the least resistivity are
significantly tortuous and intermingling and therefore
cross-flow effects cannot be neglected. In fact, many
studies have already proven that the Kozeny-Carman
equation essentially works well for high permeability
porous media but fails for low porosity and low
permeability media. However, the efforts made at
remediating this problem have been limited mostly to
empirical or semi-empirical approaches. The only
theoretical approach made at alleviating the limitations

of the Kozeny-Carman equation has been presented by
Civan [3-9] in a series of papers based on a power-law
flow-units representation approach with fractal attributes.
The power-law flow-units approach is improved further
by incorporating the “cross-flow effect” into the bundle
of leaky tubes model of tortuous flow paths in
heterogeneous porous media (Civan [11]). In addition a
triple-flow mechanism fractal model of pore-size
distribution including the hydraulic dispersion effect
(Civan [6] is implemented instead of a constant average
tube size used in the Kozeny-Carman equation [2,15].
Detailed numerical examples were presented by Civan
[3-9], demonstrating the accuracy of the new modeling
approach in comparison to the Kozeny-Carman equation
against the experimental data obtained from a variety of
core samples taken from the conventional and
unconventional oil and gas reservoirs. The dependence of
the cross-flow effects on the sample heterogeneity and
tortuosity were correlated in terms of the relevant
dimensionless numbers. The correlations show that the
cross-flow effects gain importance above a criticalpressure differential depending on the fluid mobility
number (effective permeability divided by viscosity and
normalized over the variation range) (Prada and Civan
[17]).
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porous media bulk-surface area
porous media area open for flow
cross-sectional area of flow tube
fractal coefficient
fractal coefficient
fractal coefficient
fractal dimension
constant
fractal dimension
fractal dimension
mean hydraulic tube diameter
permeability
reference permeability
porous media length
hydraulic tube length
number of hydraulic tubes

p
Ph
q
Vb
Vp

=
=
=
=
=

fluid pressure
hydraulic tube perimeter
volumetric flow rate
porous media bulk volume
porous media pore volume

connectivity of flow tubes and therefore their interactions
according to Civan [3-9].
1.1 The Leaky-tube Model
The frequently used Kozeny-Carman equation is based
on a number of simplifying assumptions concerning the
preferential flow paths formed during flow through
porous media which may not be satisfied in irregular,
heterogeneous, and sufficiently low porosity porous
media. The first assumption is the consideration of a
bundle of constant average size cylindrical tubes. In
reality, the various flow paths can have size and length
distributions, noncircular cross-sectional areas, and the
location of the flow paths may shift depending on the
flow conditions and regimes, i.e. they are not fixed in
certain locations. Second, no interaction or cross-flow is
considered between the fluids flowing through various
tubes. This assumption is satisfied approximately for
sufficiently large porosity homogeneous porous media
which is made of a pack of sufficiently large and equal
size round grains providing regular shape pore space.
This assumption becomes invalid for low porosity
heterogeneous porous media which is made of various
size irregular shape grains or pore space where the
imbalance between the hydrostatic, viscous, and pressure
forces may promote the secondary cross-flow effects as
the primary flow of the fluids occurs parallel through the
bundle of flow tubes.

Greek Symbols
α
= one minus ineffective porosity
= exponent
β
= exponent
ν
λ
= fractal coefficient
δ = fractal dimension
Γ = interconnectivity function
= interconnectivity coefficient
γ

φ
φo
φc
Σb
Σg
Σp

τ

= porosity
= reference porosity
= ineffective porosity or pore fraction not
contributing to flow
= total pore surface per bulk volume
= specific grain surface per bulk volume
= total pore surface area
= tortuosity

Subscripts
o
= reference value
min
= minimum value
max
= maximum value
1 Formulation
Description of transport in porous media is usually
accomplished by means of porous media averaged
[11,12,14]).
(macroscopic)
equations
(Civan
Unfortunately, however, the internal details of processes
are lost by porous media volume averaging. Kozeny and
Carman [2,15] alleviated this problem by describing the
flow paths formed in porous media as a bundle of flow
tubes where flow occurs in parallel. This modeling
approach has been modified by means of the capillaryorifice model (Blick and Civan [1]; Civan [10]).
The overall objective is to derive an equation of
permeability of irregular heterogeneous porous media.
This is the intrinsic permeability of the porous structure
which is independent of the fluid flow through porous
media. However, the intrinsic permeability is usually
inferred by the equations of flow which involve the
intrinsic permeability. To avoid any complications
dealing with the variable property fluids, an ideally
constant viscosity incompressible liquid is considered.
The details and extensive applications of the equation of
permeability are available elsewhere by Civan [3-9]. In
the following, the relevant issues and relationships are
reviewed and a new model considering the interacting
bundle of tubes is derived to explain the role of the crossflow effects. However, the interaction effects are
conveniently incorporated by modifying the KozenyCarman equation by applying the fractal concepts and
the coordination number to represent the irregularity and

Figure 1: A FLOW TUBE INTERACTING WITH
OTHER TUBES

Consider Figure 1 showing a single leaky-tube having
permeable boundaries in a bundle of leaky-tubes model
of the multiple flow paths formed in porous media. The
general differential balance equation for a property W of
a fluid flowing through a leaky-tube with permeable
boundaries is given by (Civan [11]:
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∂ ( AW )

∂ ( An )

Further, pLh = pLb . Then, Eq.(10) can be written as:

m
(1)
=
Limit
∂t
∂s
∆s →0 ∆s
where s denotes the distance taken along a tortuous
hydraulic path and m denotes the net total amount of
quantity W added from the other leaky-tubes into the
present leaky-tube through its leaky-wall-surface area
available over the tube length ∆s because of the
differences in the pressures of the fluids flowing through
the various flow paths. Consider ks is a tube-wall surface
transfer coefficient and ps is the pressure of the fluid
flowing through another tube. Then, inferred by Civan
[11], the mass balance equation of fluid flowing through
a single tube interacting with another tube by cross-flow
can be obtained by substituting W = ρ ,=
n ρ=
u ρq A ,
+

(

(

)

j ≠i

The Poiseuille’s law is given by:
p R 4  dp 
(14)
qi = i  − i  ; i =1, 2,..., n
8µ  dsi 
Then, when ps is a constant value, substituting Eq.(4)
into Eq.(3) yields:
n 16 µ k
d 2 pi
sij
(15)
+∑
p − pi ) = 0; i = 1, 2,..., n
2
3 ( sj
dsi
j =1 ρ Ri

m =
( 2p R∆s ) ks ( ps − p ) , and A = π R 2 into Eq.(1):
∂ (p R 2 ρ )

)

  p − p − ( p − p ) eλτ Lb  e − λ s 
Lb
s
o
 s




− λτ Lb
λs


e
−  ps − pLb − ( ps − po ) e
 

(12)
p ps −
=
e − λτ Lb − eλτ Lb
For a bundle of n interacting flow tubes, the following
mass balance equation can be written for a single tube:
n 16 µ k
dqi
sij
(13)
p − pi ) = 0; i = 1, 2,..., n
=∑
3 ( sj
dsi
R
ρ
j =1
i

∂ ( ρq)
(2)
= ( 2p R ) k s ( ps − p )
∂t
∂s
Assuming constant fluid properties and constant radius
j ≠i
flow tube, Eq.(2) simplifies as:
The boundary conditions are:
dq  2p R 
=
pi p=
0
o , si
(3)
= 
 k s ( ps − p )
(16)
ds  ρ 
=
pi p=
L=
1, 2,..., n
L,s
hi ; i
Neglecting the gravity, the Poiseuille’s law is given by:
Consider now f(R) denoting the flow tube size
p R 4  dp 
distribution
function where R denotes the radius of flow
(4)
=
q
− 
tubes. Then, the molar flux J expressed as moles per unit
8µ  ds 
area per unit time across the bulk surface area of porous
Then, when ps is a constant value, substituting Eq.(4)
media is given by, assuming the flow tube tortuosity τh:
into Eq.(3) yields:
Rmax
d  dP 
1
ρq
2
(5)
−
λ
P
=
0
=
=
J
J h ( p, R ) f ( R ) dR


ds  ds 
MAb R∫min τ h
where
n
1
(17)
= ∑ J hi ( pi , Ri ) f ( Ri ) ∆Ri
16 µ k s
τ
i =1 hi
(6)
P =ps − p, λ =
ρ R3
n
1 ρ
qhi ( pi , Ri ) f ( Ri ) ∆Ri
The solution is obtained as follows: = ∑
i =1 τ hi MAhi
−λs
λs
(7)
P = ps − p = ae + be
Simplifying by assuming an average tortuosity τh:
The boundary conditions are:
1 n 1
q
0
=
p p=
=
(18)
∑ qhi ( pi , Ri ) f ( Ri ) ∆Ri
o,s
(8)
Ab τ h i =1 Ahi
p p=
Lh
=
L,s
The system of equations given in this section can be
Then,
solved to describe the flow through different size flow
ps − pL − ( ps − po ) eλ Lh
tubes interacting with each other by exchanging fluid
a=
depending on the fluid pressures in these tubes. When all
e − λ Lh − eλ Lh
(9)
the tubes have exactly the same size and distributed
− λ Lh
( p − po ) e − ( ps − pL )
evenly in homogeneous porous media, then the cross
b= s
e − λ Lh − eλ Lh
flow effect vanishes.
Thus, substituting Eqs.(9) into Eq.(7) yields:
1.2 Fractal Description of Porous Media
  p − p − ( p − p ) eλ Lh  e − λ s 
Lh
s
o
 s


The inherently limiting assumption of the Kozeny

Carman equation is the treatment of the hydraulic flow
−  ps − pLh − ( ps − po ) e − λ Lh  eλ s 
 (10)
paths as uniform diameter cylindrical tubes having
=
p ps − 
e − λ Lh − eλ Lh
impermeable walls which do not allow for any
The tortuosity τ of the flow tube is the ratio of the actual
interactions between the fluids flowing through the
tortuous tube length Lh to the length Lb of porous media:
various tubes. In reality, there are no such tubes with
impermeable walls in a system of interconnected pores.
(11)
τ = Lh Lb
Civan [3-9] has made an effort to alleviate this deficiency
of the Kozeny-Carman equation by introducing the
+

(

)

(

)
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coordination number as a parameter to represent the
correction for the interactions between the various flow
paths. In addition, Civan [3-9] considered the deviations
of the shapes and attributes of the actual flow paths from
the idealized assumption of uniform diameter cylindrical
tubes.

The fractal relationship between the surface area and
volume of each hydraulic tube is given by:

∑p n =
C (V p n )

D3

(25)

1.3 Equation of Permeability
The equation of permeability given as follows by Civan
[3-9] is a practical modification of the Kozeny-Carman
equation as a power-law equation of permeability:

The cylindrical tube assumption implies that the crosssectional area available for flow is always open and a
nonzero diameter tube will always have a nonzero crosssectional flow area. In reality, the area of flow may
approach to zero as the shape of the cross-sectional flow
area is elongated and stretched to the limit determined by
the half perimeter length. In addition, there is a threshold
pressure gradient below which flow cannot occur even is
the cross-sectional area is non-zero (Prada and Civan
[17]). This means that fluid cannot flow unless the
porosity is greater than a minimum entrance value. The
incorporation of these effects into an effective modeling
of the permeability of irregular porous media is a
challenging issue. However, Civan [3-9] derived a
satisfactory equation of permeability by accounting for
these issues by applying four separate fractal
relationships between (1) the diameter and the crosssectional area of a hydraulic tube, (2) the cross-sectional
area of flow and porosity of bulk-porous media, (3) the
total wall-surface area of all the flow tubes to the total
bulk media pore-surface area, and (4) the wall-surface
area and the volume of each hydraulic tube. The relevant
fractal coefficients and the dimensions are determined by
means of experimental data obtained from the tests on
samples of porous materials.

β

 φ 
(26)
= Γ

φ
 α −φ 
where Γ , α , and β denote the pore-connectivity
function accounting for cross-flow effects, a factor
accounting for porosity which is not contributing to flow,
and the power-law exponent accounting for deviations
from the cylindrical shape flow tubes assumption,
respectively. The parameters Γ and β correlate well
with the coordination number (Civan [3-5]).
K

The founding relationships which led to the derivation of
the Kozeny-Carman equation are the Darcy’s law
expressing flow through porous media and the HagenPoiseuille equation expressing the flow through nnumber of flow tubes, given, respectively, by:
K Ab ∆p
(27)
q=
µ Lb

q=n

p Dh4 Dp
128µ Lh

(28)

The number of flow tubes of equal diameters is
4A φ
approximated by n = b 2 . In the Kozeny-Carman
π Dh

The fractal relationship between the diameter and the
cross-sectional area of a hydraulic tube is given by:
(19)
Dh = λ Ahδ
The fractal relationship expressing the area of porous
media available for flow is given by:
(20)
Af = Ab cφ d /3

equation β

= 1.0 and Γ =

(∑

g

2τ

)

−1

. In Civan’s

power-law equation of permeability, the following
parametric relationships are used to relate these
parameters to porosity:

( β −1 )max − β −1  Γmax − Γ C / A
The fractal dimension is given by:
=
( β −1 )max − ( β −1 )min  Γmax − Γmin 
(21)
=
d 3(1 + 2υ )
(29)
C/A
where υ is a parameter accounting for correction for the
 φ υ min − φ υ 
ineffective portion of the cross-sectional area=
of pores in
 υ
 ; υ<0
υ
 φ min − φ max 
flow. For a Euclidian object,
=
c 1=
and d 3 and
The υ parameter is related to the fractal dimension d of
therefore Eq. (20) simplifies to the following relationship
the pores by Eq.(21). Further, the following relationships
used in derivation of the Kozeny-Carman equation:
have
been proven for dependency on the coordination
(22)
Af = Abφ
number Z (Civan [3-9]):
The total pore surface of all the hydraulic tubes is
 φυ − φυ 
expressed by the fractal relationship:
(30)
− A( Z − Z min )
ln  υ min υ  =
D3
φ min − φ max 

(23)
∑=
=
C
∑
nP
L
V
(
)
p
h h
b
b
where
∑b =∑ g (α − φ )


Γ 
(31)
− AZ + B
ln 1 −
=
Γ
max 


β −1 
=
(32)
−CZ + D
ln 1 − −1
 (β ) 
max 

The parameters appearing in the preceding equations are

(24)

where (α − φ ) is the porous matrix volume fraction after
removing the ineffective porosity or pore fraction which
is not contributing to flow.
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υ , α , φmin , φmax , ( β −1 )min , ( β −1 )max , Γ min , Γ max , Z min ,
and (C / A) . The parameters of the leaky-tube model can
be determined by the least-squares regression of the
equation of permeability to data obtained from the tests
of porous materials such as the permeability, porosity,
and other measurable properties of porous materials.
Many examples have been reported elsewhere by Civan
[3-9]. Further, Nzerem and Civan [16] demonstrated that
these parameters correlate consistently with α

(α =

1 − φc ) for samples taken from the Travis Peak

sandstone reservoirs
relationships:
d = 2.7α 0.2708
−1
β max
= 3.563a 0.3527

by

the

following

fractal
(33)
(34)

1 Γ max =
0.05a 0.846

(35)

(36)
25.8 − C A =
17.123α
Note that the minimum parameter values of φmin ,

(β )
−1

min

Figure 2: VARIATION OF THE
INTERCONNECTIVITY PARAMETER Γ AND
EXPONENT β WITH POROSITY φ

, Γ min , and Z min are zero.

APPLICATIONS
For illustration purposes, consider the parameters of the
equation of permeability based on the leaky-tube model
given in Table 1. Figure 2 presents the plots of the
variation of the interconnectivity parameter Γ and
exponent β with porosity φ based on Eq.(29). Figure 3
present the permeability vs. porosity cross-plot based on
Eq.(26).

Table 1: PARAMETERS OF THE EQUATION OF
PERMEABILITY
Parameters

υ
d

α
φmin
φmax

(β )
(β )
−1

min

−1

max

Values
-0.1
2.4
0.4
0.0005
1.0
0
0.5

Γ min

0

Γ max
C/A

120
50

Figure 3: PERMEABILITY VS. POROSITY CROSS
PLOT
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CONCLUSIONS
This paper emphasized that the characteristics of true
porous media flow require the consideration of the
secondary flows (cross-flow interactions) across the
primary flows occurring parallel through a bundle of
leaky-tubes and the deviations from the cylindrical tubes
assumptions can be taken into account adequately by
means of the fractal representations of the various
attributes of the heterogeneous porous media. These
considerations yield a power-law equation of
permeability with parameters varying with porosity.
However, the primary variable is the coordination
number representing the pore connectivity.
Future work is recommended to modify the present
modeling approach in view of the capillary-orifice model
(Blick and Civan [1]; Civan [10]). This will help include
the effect of pore-throat constrictions leading to
convective acceleration and deceleration during flow
(Civan [13]).
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